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Abstract 

We define the Frobenius limit of a module over a ring of prime 
characteristic to be the limit of the normalized Frobenius direct im¬ 
ages in a certain Grothendieck group. When a finite group acts on a 
polynomial ring, we calculate this limit for all the modules over the 
twisted group algebra that are free over the polynomial ring; we also 
calculate the Frobenius limit for the restriction of these to the ring 
of invariants. As an application, we generalize the description of the 
generalized E-signature of a ring of invariants by the second author 
and Nakajima to the modular case. 

1. Introduction 

(1.1) In commutative algebra, the study of the asymptotic behavior of the 
Frobenius direct images of a ring of prime characteristic p (or a module over 
it) has been very fruitful. This includes the study of invariants such as the 
Hilbert-Kunz multiplicity IMonI and the E-signature IHLI and its variants 

[SiaiEiN]. 

These invariants have been studied for the ring of invariants of a hnite 
group acting on a ring, see |WY1 (2.7), (5.4)], [HLl Example 18], jWY^ 

(4.2) ], jHJ (3.9)], and [Nik]. 
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( 1 . 2 ) Let T = Tn be a graded Noetherian commutative ring, where 

To is a finite direct product of Henselian local rings. Let S = ©n>o be a 
finite graded T-algebra, which might not be commutative. 

Let Q*{S) denote the Grothendieck group of the commutative monoid of 
finitely generated Q-graded S'-modules under direct sum, but tensored with 
M; this means that Q*{S) is the M-space generated by the finitely generated 
Q-graded S'-modules subject to the relations [M] = [Mi] -|- [M 2 ] whenever 
M = Ml 0 M 2 . We define Q°{S) to be the quotient of 0*(S') by the relation 
[M] = [M[A]] for a finitely generated Q-graded S'-module M and A G Q, 
where ?[A] denotes shift of degree by A. 

Because of our hypotheses on S, the Krull-Schmidt property holds and 
so the finitely generated indecomposable Q-graded modules form a basis for 
0*(S). Thus Ind°(S), the set of indecomposable Q-graded modules modulo 
shift of degree, forms a basis for 0°(S). For a G 0°(S') we can write 

a = ^ cm[M] (cm G M) 

MGlnd° S 

uniquely. We define ||a||s := where us{M) denotes is{M/msM), 

where = 5*+ 0 J(S'o) is the graded Jacobson radical of S and is denotes 
the length function. It is easy to see that (0(5), || ■ ||)s is a normed space. 

(1.3) Now let k be an T-finite (that is, [k : kP] < 00 ) field of characteristic 
p, and R = 0n>O a graded Noetherian commutative ring such that Rq is 
an T-finite Henselian local ring. We assume that dimfcTo/J(To) < 00 . Let 
G be a finite group acting on R as fc-algebra automorphisms. Let S = R*G 
and T = R^. Then T and S are as in fll.2p . 

Let d be the Krull dimension of R. Set c) ;= logp[fc : k^], and 6 := d + d. 

For any finitely generated 5-module M, we define the Frobenius limit of M 
to be 

in 0(5), provided that this limit exists, where ®M is the eth Frobenius direct 
image of M. Note that FL(M) is considered to be the limit of the modules 
themselves, rather than of some numerical invariant. If the ring is commuta¬ 
tive and FL(M) exists, the Hilbert-Kunz multiplicity and the (generalized) 
T-signature can be read off from it; see section [3l 
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(1.4) Suppose that R be commutative. The group 0(i?) is larger than the 
Grothendieck group Go(i?)R, where the relations come from short exact se¬ 
quences. The latter is isomorphic to y4*(i?)R, the Chow group of R (tensored 
with R) through the Riemann-Roch isomorphism tr, see [Ful] . Let us write 
'^^([R]) = Cd + Cd-i + ■ ■ - + 00 , where q is the component of dimension i. Then 
r/{(FL[R]) is just q, which plays an important role in the intersection theory 
of commutative algebra, see [Kurt (2.2)] and [KurOj . 

Bruns gave a formula for FL(R) for a normal affine semigroup ring (al¬ 
though he did not define Frobenius limits, he proved a theorem [Brul Theo¬ 
rem 3.1] giving some more information than FL(R), see Example I3.23p . 

(1.5) Now suppose that a hnite group G acts faithfully on a graded polyno¬ 
mial ring B, so we can form the twisted group algebra B*G. The generators 
of B must be in positive degrees, but not necessarily all the same. Let 
A = B^. 

Theorem f fl4.13p . fl4.16p L Suppose that F is a Q-graded B * G-module that 
is free of rank f over B. Then the F-limits of [R] and [R*^] exist and 


FL(R) = ^[B*G] 


in 0°(R * G) and 


FL(R^) = ^[R] 


in 0°(R). Analogous formulas hold after completion at the irrelevant ideal. 

As a consequence we obtain the following theorem. 

Theorem ( 05. II) ). Let k = Vo,Vi,... ,Vn be the simple kG-modules. For each 
i, let Pi ^ Vi be the projective cover, and Mi := (R Pf)^■ Suppose that F 
is a Q-graded B =t= G-module that is free of rank f over B. Then the F-limit 
of [R*^] exists, and 



n 


in 0°(y4). The analogous formula holds after completion at the irrelevant 
ideal. 
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In particular, we have a formula for FL[y4] and FL([A]): see Corollary 15.21 

Using this theorem, we generalize a result on the generalized F-signature 
[HasNl (3.9)] to the modular case (Corollary 15.7p . We also get a new proof 
of the theorem of Broer |Broj and Yasuda [Yasj which says that if G does 
not have a pseudo-reflection and p divides the order |G| of G, then A is not 
weakly F-regular. 

For another application of this work to invariant theory, see [Has2j . 

In section [21 we £x our notation for Frobenius direct images. In section |3l 
we study the group 0(5') and dehne the Frobenius limits. In section 01 we 
prove the main theorems and in section |5l we derive some consequences. 

Acknowledgments: the authors are grateful to Professor Kazuhiko Kurano 
for his valuable advice. 


2. Rings, modules and Frobenius direct image 


(2.1) Let k he a. held. By a module over a ring we mean a left module, 
unless otherwise specihed. A graded ring means a ring graded by the semi¬ 
group of non-negative integers. Modules will be graded by Q; since we only 
consider hnitely generated modules, the graded pieces are only non-zero on a 
discrete subgroup, which is contained in for some r G N. The morphisms 
are degree preserving. Let G be a finite group acting on a ring R. By an 
{R, G)-module M, we mean an i?-module that is also a fcG-module in such a 
way that g{rm) = {gr){gm), g E G,r E R,m E M. If M is an {R, G)-module 
and V a G-module, then M 0^ U is an [R, G)-module by r(m 0 n) = rm 0 v 
and g{m®v) = gm 0 gv for r E R, m E M, v E V, and g E G. 


(2.2) By a virtually commutative ring we mean a ring S that contains 
some central subalgebra T such that 5 is hnite over T. The example we 
have in mind is when G acts on a commutative ring R and S is the twisted 
group algebra R* G. That is, R* G = Rg as an R-module, and the 

product is given by {rg){r'g') = {r{gr')){gg'). The ring R * G is hnite over 
the ring of invariants T = R^ in many cases. For example, assume that R 
is a commutative Noetherian fc-algebra and the action of G is by fc-algebra 
automorphisms. If R is of hnite type over k; R is complete with residue held 
k] the characteristic of fc is p > 0 and R is F-hnite (see I2.10p [Fogj , |Hasl 


(9.6)]; or the order of G is not divisible by the characteristic of k, then R 
and S = R* G are hnite over T = R^. 
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An R * G-module is an (i?, G)-niodule in an obvious way, and vice versa. 
We identify these two objects. 

(2.3) Note that the (G, i?)-niodule R®kkG as an module is identihed 
with the rank-one free module R* G hy the obvious map r ® g ^ rg. 

(2.4) Let k be of characteristic p > 0. For a commutative /c-algebra R, the 

Frobenius homomorphism F : R ^ R is dehned by F{a) = a^. For r G Z, 
let ^R be a copy of the ring R, except that, in the graded case, the values of 
the grading are divided by (here we briefly suspend our convention that 
all rings are integer graded). For any e > 0, we regard an '’i?-algebra 
through the Frobenius map F^^ : ^R = R ^ R = An /^-module M, 

viewed as an ^i?-module is denoted by '’M; m E M is denoted by when it is 
viewed as an element of ^M. When e > 0, we can regard as an i?-module 
by a(®m) = F^{aYm = Then F^{''a) = . The 

/^-module is sometimes written as F^M, and is called the eth Frobenius 
direct image (also called Frobenius pushforward) of M. If R is graded, M is 
Q-graded, and m is a homogeneous element of degree A, then letting '’m of 
degree A/p'’, we have that '’M is a Q-graded '’i?-module. If e > 0, is a 
Q-graded i?-module via F® : i? = —)■ 

(2.5) If is a /c-vector space then '^V is considered to be a /c-vector space 

through the map F® for e > 0: more explicitly, -|- ^v' = ®(n + v') and 
a-^v = for a E k and v, v' G V. When k is perfect, has a meaning 

for r E Z, and it has the same dimension as V. Note that is again a 
Falgebra, and F'^ -G A ^ ^ is a /c-algebra map for e, e' > 0. 

(2.6) In the notation above, °F, ^m, and so on, are sometimes written 

as R, M, m, and so on. 

(2.7) Slightly more generally, for a commutative Falgebra R and a hnite 
group G acting on R, we dehne the Frobenius map F = Fs of S = R*G 
by Fsi^g^QTgg) = '^gr^g. If G is trivial, then R = S, and Fs is the usual 
Frobenius map. Thus for an F=t:G-module M, is again an F * G-module. 

(2.8) Applying this to the group ring kG (the case that R = k), we hnd 

that is a A;G-module by p • = ^{gv) for p G G and v E V. 

If V is n-dimensional, let Vi,... ,Vn be a basis of V] then we can write 
9Vj = Y.i GjVi. If k is perfect, then g-^Vj = %gvj) = CijVi) = Y,i 4j """F- 
Namely, '^V, as a matrix representation, is obtained by taking the p®th root 
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of each matrix entry. 

Lemma 2.9. Let k and G he as above. 

1 Let V be a finite dimensional G-module. If V is defined over the 
field with q = elements, and h ;= \ogp[k : kP] < oo, then '^V = 

2 ®(A;G) = {kGy^^" for any e > 0. 

Proof. 1. We set r := [^k : k] = p®®. Let Vq be the hnite dimensional 
Fq-module such that k Vo = V. Then 

-V^^k(»^/Vo = k^ (»r^Vo = VP 

2. Since kG is dehned over Fp, the assertion follows from 1. □ 

(2.10) S is said to be F-£nite if is a finite S'-module. If so, then F® : 
'^S —)■ ’■+^5' is finite for any r E Z and e > 0. 

3. The Grothendieck group Q{S) 

(3.1) Let C be an additive category. We define its (additive) Grothendieck 
group to be 

[C] := ( 0 Z ■ M)/(M - Ml - Ms I M = Ml © Ms), 

MgIsoC 

where IsoC is the set of isomorphism classes of objects in C. The class of M 
in the group [C] is denoted by [M]. We define [C]]r := [C]. Note that we 

only have relations for split exact sequences, not all exact sequences, even if 
C is abelian. 

(3.2) The group [C] is universal for additive maps from C to abelian groups, 
i.e. given an abelian group T and an additive map / : C —)■ T (that is, / is 
a map C —)■ T such that /(M) = /(Mi) + /(Ms) for every M, Mi, Ms such 
that M = Ml ©Ms), / extends to a unique homomorphism of abelian groups 
/* : [C] —)■ T. Thus [C]]R is universal for additive maps to M-spaces. It follows 
that an additive functor h : C —)■ H yields a homomorphism h* : [C] —)■ [H] 
which maps [M] to [hM]. 
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Example 3.3. Let S' be a fc-algebra. Let S mod denote the category of 
finitely generated S'-modules. Let J{S) denote the Jacobson radical of S 
and assume that S/J{S) is hnite dimensional over k. Then Uk,s{M) := 
dimk{M/J{S)M) dehnes an additive function on S'mod, which extends to 
[S' mod]K. 

If S' is a commutative integral domain and we let Q{S) denote the held 
of fractions of S, then rank 5 (M) = dimQ( 5 ) Q{S) M is also additive and 
extends to [S' mod]R. 


(3.4) An additive category C is said to have the Krull-Schmidt property if 
the endomorphism ring of any object is semiperfect. If so, the endomorphism 
ring of an indecomposable object is local, and hence the Krull-Schmidt the¬ 
orem holds, see [Pop (5.1.3)]. Thus [C] is a Z-free module with IndC as 


free basis, where IndC is the set of isomorphism classes of indecomposable 
objects of C and IndC is an M-basis of [C]r. 

(3.5) Let T = ©n>0^n be a commutative non-negatively graded Noethe- 
rian ring (which might not be a fc-algebra) such that Tq is a hnite direct prod¬ 
uct of Henselian local rings. Let S = 0„>o be a graded T-algebra that 
is a hnite T-module. For any hnite graded F-module M, End^crmodAf = 
(Ends Af)o is a hnite To-algebra and is semiperfect |Fac[ (3.8)], where S Gr mod 
is the category of graded hnite S'-modules. Thus the Krull-Schmidt theo¬ 
rem holds for the category SGrmod; see |Pop| [(5.1.3)]. Let ms denote the 


graded Jacobson radical S+ -|- J(So), where S+ = irrelevant 

ideal. We denote by ? the ms-adic completion, which agrees with the m^-adic 
completion, where mr is the graded Jacobson radical of T. 


(3.6) We write 0*(S) := [S Grmod]R, where S Grmod is the category of S- 
hnite Q-graded modules. It will be convenient to consider the quotient of this 
where we identify any two indecomposable modules that diher only by a shift 
in degree, which we denote by 0°(S) or 0(S). We write 0^(S) := [Smod]R, 
where S mod is the category of S-hnite ungraded modules. 


(3.7) There is a sequence of natural maps 0*(S) —)■ 0°(S) 0^(S) —>■ 

0^(S). 

(3.8) It is easy to see that if S is concentrated in degree zero, then 0° = 0^, 
and the theory of 0^ for ungraded S is contained in that of 0°. 
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(3.9) From now on we will assume that all our rings are of the type just 
described. If / : S" —)■ S' is a hnite degree-preserving map, there is a natural 
restriction map /* : 0(S') —)■ 0(S") and the inflation map /* : 0(5") —)■ 0(5'). 

If I is an ideal in S and g : S' —)■ S'// is the quotient map then we 
sometimes write a/la for g*(Q;). 

(3.10) For a G 0°(S'), we can write 

a = ^ cm[M] 

[Ar]Glnd° S 

uniquely, where Ind°(S') denotes Ind(S' Grmod)/~, where M ~ M' if M = 
M'[A] for some A G Q (?[A] denotes shift of degree). We dehne ||q ;||5 := 
where us{M) = ts{M/msM). Then (0(5'), || • H^) is a 
normed space. Thus 0(5') becomes a metric space with the distance function 
d given by d{a, (3) := ||q; — /SH^. 

Lemma 3.11. Let S he as above. 

1 Let J be any ideal of S sueh that there exists some n>l sueh that mg C 
■J C m^. Define a norm || ■ ||g on 0(5') by ||q ;||5 = 

where /s'(—) denotes the length of an S-module. Then || • ||g is equiva¬ 
lent to II ■ lls. 

2 Let f : S' ^ S be a degree-preserving ring homomorphism sueh that 
m 5 'S' D mg for some n > 1 and mgiS' C m 5 for some m > 1 {e.g. S 
is S'-finite). Define || • |||, by ||Q;||f/ = '^]^\cM\(ls'{M/ms'M) . Then 
II ■ Ilf' is equivalent to || ■ H^. 

3 Let k be a field, and assume that S is a k-algebra and dim^ S'/m^ < oo. 

Define ||Q;||fc,s = M/msM. Then || • \\k,s is equivalent to 

Proof. 1. For M G S'Grmod we have is{M/.JM) > is{M/msM) and 
||a|ls > ll'^IU follows easily. There is a surjective map of graded S'-modules 
F —)■ M, with F free of rank is{M/msM), which induces a surjection 
F/mgF — )■ M/mgM. Setting r := /5(5'/mg), we obtain is{M/JM) < 
/s(M/mgM) < is{F/mgF) = ris{M/msM), and ||a ||5 < t||q;s|| follows 
easily. It follows that || • ||g is equivalent to || • H^, as required. 

2. Let T' be the center of S'. 



First we assume that S is 5"-finite (or equivalently, T'-finite) and show 
that the hypothesis on / is satished. If niT'S m 5 , then there exists some 
a G m-r' such that the ideal a(S'/m 5 ) of S/xus is nonzero. As S'/m^ has 
hnite length, a"'{S/ms) = for some n > 1 , then by the graded 

Nakayama’s lemma a'^{S/ms) = 0. Since S/xns is semisimple, a{S/ms) is an 
idempotent ideal and so a"'(S'/m 5 ) 7 ^ 0, a contradiction. Therefore xyit'S C 
m 5 . Note that S/xyit'S is a hnite T'/mT'-algebra and is an Artinian algebra, 
so its radical vxs/vxt'S is nilpotent, and m§ C niT'S for some n > 1. If S' is 
T'-hnite, then m§ C mr'S' C ms for some n. Similarly, m™, C mT'S" C m 5 ' 
for some m. So m^,S C ms and mg C ms'S", and the hypothesis is satished. 
Now we prove the assertion. Let M E S Grmod. Then 

us{M) = is{M/msM) < is^M/msM) < is'{M/m^,M) 

< iS'{S'/m^,S') ■ is'{M/ms'M). 

That ||a||s < £s/(S"/mg!;S")||a||f, follows easily. On the other hand, we have 
is'{M/ms'M) < is'{M/m^M) < is'{S/m^S) ■ us{M), 
and ||q;|||/ < t's'(S'/mgS')||Q;||s follows easily. Hence ||Q;||f/ is equivalent to 

Halls'- 

3. This is because 

is{M/msM) < dimfc M/msM < dim^ S'/m^ • is{M/msM). 


□ 


Lemma 3.12. The following M-/mear maps are continuous: 

1 Q*{S) -E Q°{S); 

2 0°(A) ^ e'^iS); 

3 f*:Q{S)^ Q{S'), for f : S' ^ S, fimte; 

4 /* ; 0(5") —)■ 0(5') given by f*{M) = S 0 ^/ M, for f : S' ^ S, finite; 

5 is : 0(5') —)■ M, when is{S) < 00 . 

6 rankij := dimQ(ij)((5(i?) 0 _r —) ; 0(i?) —)■ M, where R is a domain 
(graded or not) and Q{R) is its (ungraded) field of fractions. 
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Proof. We only prove 3 and leave the routine verifications of the others to 
the reader. 

Let II • II|/ be as in Lemma [3 .111 By Lemma [3 .111 there exists some r > 0 
such that II • Ilf, < r • II • H^. For a = as a sum of indecomposable 

modules in 0(5'), we have 

ll/*«l|5' = \\'^Cm[M]\\s' < ^ |cm|||M|| 5 / = ^ |cM|||M||f, 

MM M 

<r-^ |cm|||M||s = r ■ ||a||5, 

M 

and continuity follows. □ 

(3.13) Define 0+(5) to be the subset of ©(S') consisting of the a = Yli cm[M] 
with all the cm > 0. 

Lemma 3.14. Suppose that f : S' ^ S is finite and let be a sequence 

of elements of Q{S) such that each ai is in Q+{S) or—0+(S'). Then ||aj||5 —)■ 
0 if and only if us'{f*ai) —)■ 0. 

Proof. Note that ||tti||5 —)■ 0 if and only if ||ttj||f, —)■ 0 by Lemma 13.111 As 
ai G ±0+(S), we have that ||ai||f, = \us'{f*{ai))\, and we are done. □ 

(3.15) For M,N e S Grmod, we define 

n 

sum^r M := max{n G Z>o | N[Xi\ is a direct summand 

i=l 

of M for some Ai,..., G Q}. 

For N G Ind° S, sum^r : S Grmod —)■ Z is an additive function, and hence 
induces a linear map sum^r : ©(S') —)■ M. More precisely, sumjv is given by 
sum^{J2M = Cjv, thus sum^ is continuous. 

(3.16) Let A; be a field of prime characteristic p. Let R = 0„>o-Rn be 
a commutative graded fc-algebra such that Rq is an F-finite Henselian local 
ring. Let mij be the graded maximal ideal of R, and assume that R/xur is 
a finite-dimensional fc-vector space. Let G be a finite group acting on R as 
degree-preserving fc-algebra automorphisms (the case that G is trivial is also 
important in what follows). Let S := R * G. Note that T is central in R 
and S. Note also that R/vhr and k are F-finite, and R and S are finite over 
T := R^ [Hasl (9.6)]. It is easy to see that T is F-finite and Henselian. 

Let d = dimF, h := logp[fc : k^], and set 6 = d + d. 
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(3.17) For a = Y.M&nd° s^^mW] e ©(S'), define 

MGlnd° S 

and call it the eth Frobenius direct image of a. We define NFe(a) = 

Definition 3.18. Let 

FL(a) := lim = lim NFe(a) 

e—^oo e—^co 

in ©(S'), provided the limit exists. We call FL(a) the Frobenius limit of a. 

(3.19) Assnme that i? is a domain. As we have logp[Q(i?) : Q{Ry] = 6 
by |Kunl (2.3)], rank^^M = ranker rank/j M. It follows that 

rankflNFe(a) = rank^a for a G ©(S'). If FL(q;) exists, then rankj^; FL(a) = 
ranki^ a. 


(3.20) When / is a G-ideal in R, we sometimes write a/la for R/1 a. 
Note that ^a/I{^a) = ^{a /where is the ideal generated by \ 
a G /}, which is a G-ideal. 


(3.21) If q is a homogeneous m'r-primary ideal of T, the Hilbert-Kunz 
multiplicity of M G T Gr mod [Monj is defined by 

/ 1 - ^r(M/q[P^]M) ,, ^^(T/q ®t "M) 

eHK(q, Af) := hm 1 = hm ^ ’ 


-ide 


-iSe 


puc e—>-oo p^ 

This is an additive function, so it induces a function on ©(T): 
eHK(q,a)= lini = lim iriT/q 

e—¥oo p^^ e—>-oo 

By Lemma [3.121 eHK(q,Q<) = ^riT/q <^t FL(q;)), provided FL(a) exists. 
Note that if T is a domain then eHK(q, Af) = rank^ M ■ eHK(q, T). 


(3.22) Let N G Ind° S. We define 


FS7v(a) ;= lim sumjv(NFe(a)), 

e—>-OD 

provided the limit exists. We call it the generalized F-signature of M with 
respect to N, see |HasN] . If FL(q;) exists, then FSAr(a) = sum7v(FL(Q;)), 
since sumAr is continuous. 
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Example 3.23. In [Bruj . Bruns studied the asymptotic behavior of the 
Frobenius direct images of normal affine semigroup rings; we follow the no¬ 
tation used there. In |Bru[ Theorem 3.1], assume for simplicity that M is 
positive in the sense that there is a rational hyperplane H of through 
the origin such that if fl M = {0}. Let f : ^ M be a dehning equation 

of H (that is, f~^(0) = H) such that C Z and h{M) C Z>o. Then 

R = is positively graded (that is, f?„ = 0 for n < 0 and Rq = K), 

where f?„ = ®^(zh-^n)nM Let m = 0„>o-Rn- By |Bru[ Theorem 3.1], 
we immediately have that 

FL(fi)=5^vol(7)|C,l 

7 

in e°{R). 

4. The Frobenius limit for a group acting on a polynomial ring 

(4.1) Let f be a held, and let be a graded polynomial ring over k with the 
degrees of the generators all positive integers, but not necessarily the same. 
Let G be a hnite group that acts faithfully on B as a. graded f-algebra. 
We can form the twisted group algebra B * G and we dehne the Frobenius 
operator on it as in 02.71) . 

Let A = B^, the ring of invariants. Let and ms denote the irrelevant 
maximal ideals of A and B, respectively. Let A be the rriA-adic comple¬ 
tion of A and let B be the ms-adic completion of B (it is also the m^i-adic 
completion). 

Let V be the category of Q-graded f G-modules and let M. be the category 
of Q-graded B * G-modules. 

Let R denote the full subcategory of Ai consisting oi F E M. such that 
F is i?-£nite and i?-free. In other words, F is a Q-graded B * G-lattice. 

(4.2) Let V = 0;^ Vx be an object of V. Then 1/ is a projective ob¬ 
ject of V if and only if it is so as a fG-module, since Homv(V,fF) = 

HomfcG'(LA5 BQ). We denote the category of hnite dimensional projec¬ 
tive objects of V by Vq. Then clearly Vq = add{fG[A] | A G Q}, where [A] 
denotes shift of degree by A. 

Lemma 4.3. Let R = 0j>o-Ri be a commutative positively-graded {that is, 
Rq = k) k-algebra. Let F and F' he graded R-finite R-free modules, and 
h : F ^ F' a graded R-homomorphism. Then the following are eguivalent: 
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1 h is injective, and C := Coker is R-free; 

2 l®h ■. R/vci®r F —)■ R/xn F' is injective; 

where m = 0j>o irrelevant ideal. 

Proof. 1^2. As the sequence 


is exact, 

0 = Torf (F/m, C) R/m (^rF ^ R/m F' 

is exact. 

2^1. Take a homogeneous free basis fi,..., fr of F, and take homoge¬ 
neous elements fof F' such that their images in C form a minimal 
set of generators for C. As 

0 — y R/ m. F — y R/ m. (S)r F^ — y Rf tn. C>_r C — y 0 

is exact, we have that rank F' = r+s, and h{fi),..., h{fr), ffg generate 
F' by the graded version of Nakayama’s lemma (this applies since the grading 
on the modules must be discrete). Thus it is easy to see that this set of 
elements forms a free basis for F'. In particular, h{fi ),..., h{fr) are linearly 
independent and hence h is injective. Also, C = F'/F is a free module with 
basis/(,... ,/j. □ 

Lemma 4.4. 1 P := {(F (g) kG)[\] \ \ E Q} is a set of Noetherian 

projective objects that generate M. In particular, V := addF is the 
full subcategory of Noetherian projective objects of M.. 

2 For M E M., the following are eguivalent. 

a. M eV; 

b M = B ®kV as graded modules, for some V E Vq; 
c M E F, and M/xu-bM E Vq. 

If these conditions are satisfied, then M = B ®k M/vcirM as graded 
modules. 
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3 is a Frobenius category with respect to all short exact sequences {see 
Hap| for definition), and V is its full subcategory of projective and 
injective objects. 

Proof. 1 Obviously, each {B <8)^. /cG)[A] is a Noetherian object. On the other 
hand, 

UomM{B ® kG[X\,N) = Homv(A;G[A], AT) ^ HomGrModfc(A:[A], N) = N_x, 

and each object of P is a projective object, and P generates Ai, where 
Gr Mod k denotes the category of graded fc-vector spaces. 

2. ay^b^c is trivial. We show the last assertion, assuming c. This 
also proves c^b. As M/msM is projective in V, the canonical map M —)■ 
M/vheM has a splitting j : M/msM ^ M in V. Then, dehning ip ■. B 
M/msM —)■ M by p{b ® v) = bj{v), (p is B * G-linear. By Lemma IT751 it is 
easy to see that p is an isomorphism. 

3. By 1, P is the category of the projectives of P, and P has enough 

projectives. On the other hand, HomB(?,P) is a dualizing functor on the 
exact category P and V is mapped to itself by it. Thus V is also the category 
of injectives of P, and P has enough injectives. □ 

Lemma 4.5. Let P G P. Then there is a filtration 

0 = Po C Pi C • ■ ■ C P„ = P 

in Ai such that for each i = 1,... ,n, there exist A* G Q and Vi G fcGmod 
such that Fi/Fi-i = B<^kVi[—Xi] {so Fi and Fi/Fi_i areinp), wherekGmod 
denotes the category of finite dimensional kG-modules, and each object of 
kG mod is viewed as an object of V of degree zero. 

Proof. We use induction on ranks P. If ranks P = 0, there is nothing to 
prove. Assume that rankP > 0 and take the smallest A G Q such that 
Pa fi 0. Set Vi = Pa [A], Ai = A, and Fi = B Pi[—A]. There is a canonical 
map 

q ■. Fi = B Pi[~A] = B Fx ^ F, 

where a{b^ f ) = bf. Then, by Lemma [4.31 q is injective, and G G P, where 
G = Coker q. Applying the induction hypothesis to G, we are done. □ 

Lemma 4.6. Let P G P and / > 0. Then the following are equivalent. 
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1 F = B Fq for some Q-graded G-module Fq such that Fq = {kG)^ as 
G-modules. 

2 F = {B kG)^ as a B * G-module. 

3 F/xubF = as a G-module. 

Proof. 1^2^3 is trivial. 3^1 follows from Lemma [4.41 2. □ 

(4.7) We denote the full sub category of F with objects the F & F satisfying 
the equivalent conditions in Lemma 14.61 by Q. Note that Q is closed under 
extensions and shift of degree. 

Lemma 4.8. Let V be a kG-module. Let V be the k-vector space V with 
the trivial G-action. Then kG (8) 1/ = kG ® V. Hence kG is a direct 
sum of copies of kG. 

Proof. The map g ® v ^ g ^ g~^v gives a /cG-isomorphism kG 0 1/ = 
kG 0 W. □ 

(4.9) From now on, we assume that k is of characteristic p, and is F-£nite. 
We set D := \ogp[k : k^] and 6 := d-\-d. 

Lemma 4.10. If F ^ Q, then ^F G G- 

Proof. We can write F = B^^Fq with Fq = {kG)^ as a /cG-module for some 
/. We have ^F e F and 

^ ^{B/raf^ 0^ {B 0^ Fq)) ^ ^{B/mf^ 0^ Fq). 

As Fq = (fcG)-^, we have that F/m^ ^0fcFo = (/cG)-^^'^'' by Lemma IT781 Hence 
^F/vcib^F = ^{{kG)H'^^) = {kG)H^^ by Lemma [231 By Lemma IT31 we have 
that ‘^F e Q. □ 

Lemma 4.11. There exists some cq > 1 such that for each F E F of rank 
f, there exists some direct summand F' of ®°F in F such that F' = (F 0^ 
kGyp"^° as B * G-modules. 

Proof. Let Q{A) and Q{B) denote the fields of fractions of A and F respec¬ 
tively. Then Q{B) is a Galois extension of Q{A) with Galois group G (here 
we use the assumption G acts faithfully on F). So u : Q{B) 0q(a) QiB)' —)■ 
kG 0fc (5(F)' given by u{x 0 y) = ® {9^)y is an isomorphism of 
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{G, Q(-B)')-modules, where Q{By is the held Q{B) with the trivial G-action. 
So Q{B) as a G-module is a direct sum of copies of kG. Thus there is at 
least one injective /cG-map kG —)■ Q{B). Multiplying by an appropriate ele¬ 
ment of A \ {0}, we get an injective G-linear map kG —)■ B. Its image is in 
Bq (B Bi (B ■ ■ ■ (B Br for some r > 1, and it is a direct summand, since kG is 
an injective module. Then by the Krull-Schmidt theorem, there is a graded 
/cG-direct summand Eq of B which is isomorphic to kG as a G-module. The 
argument so far, which we have given for the convenience of the reader, can 
be found in |Sym| . 

We can take cq sufficiently large that = 0 for degree reasons, so 

Eq —)■ B/m^ is injective. We claim that this choice of cq has the required 
property. 

Let V be any hnite-dimensional fcG-module. Then the inclusion Eq ^ B 
induces a split monomorphism 0 : ^°{Eq V) (8)^ V). Note that the 

composite 

^°{Eq f") 4 ^°{B O, f") ^ B/niB (Bb ^°{B Bk V) = Bk V) 

is injective, since ®°(? Bk V) is an exact functor. Note that ^°{Eq Bk V) = 
(A;G)^'’''°^ as G-modules. By Lemma IT731 it is easy to see that 

BBk^^EoBk Bk V) 

given by 6 0 m I—)■ 60(m) is an injective map of E whose cokernel Dy lies in 
E. As B Bk ^°{Eo BkV) E Q gV, we have a decomposition 

^,V[X]) = B Bk "\Eq Bk V)[\/p^°] © Dv[\/p^°]. 

ii E = B Bk 1^[A] for some finite-dimensional /cG-module V and A G Q, 
the lemma holds. 

Now let 

0—)-E—)-E—)-H—)-0 

be a short exact sequence in E such that the assertion of the lemma (for our 
eo) is satisfied for E and E[. That is, *^°E has a direct summand E' such that 
E' = {B Bk kG)®^^^° ranks g, G-module, and ^°H has a direct summand 
H' such that H' = (B Bk as a (G, S)-module. As H' is a 

projective object of E, the inclusion H' ^ H lifts to E[' ^ E. So we have 
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a commutative diagram of -B * G-modules, with exact rows and columns 


0 0 0 


0 -^ E' -^ E' © H' -^ H' -^ 0 


0 - ^E 


0 - ^E 



H - -0 


H” - ^0 


As E' and H' are direct summands of E and H, respectively, we have that 
E" G T and El" G E . So E" G E, and hence E' © if' is a direct summand 
of E by Lemma 031 As E' © if' = {B hanks B+ranks^/)) ^nd 

ranks E + ranks H = ranks E, we conclude that the assertion of the lemma 
is also true for E. 

Now by Lemma [4.51 we are done. □ 

Proposition 4.12. There exists some c > 0 and 0 < a < 1 such that for 
any E E E of rank f and any e > 0, there exists some decomposition 

(1) = Eo,e © Fl,e 

such that Ei^e € G and ranks fo,e < ca^fp^^. 

Proof. If the dimension d = 0, then A = B = k and G is trivial, and this 
case is obvious, since we may set c = 1, a = 0, Fo,e = 0 and Fi^e = ^E for 
each e. 

So we may assume that d > 1. Take cq as in Lemma 14.111 and set 
a := (1 — IGI • p-'^eo^i/eo gQ 0 < a < 1. Set c = a~^° > 0. 

We prove the existence of a decomposition by induction on e > 0. 

If 0 < e < Co, then we set Fo^e = ^E and Ei^e = 0. As we have ranks Fo^e = 
fp^^ and ca® = > 1, we are done. 

Now assume that e > cq. By the induction hypothesis, we have a decom¬ 
position 

e eop ^ Fo^e-eo © -^l,e-eo 
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such that Fi^e-eo ^ ^ ranks Fo^e-eo ^ ca® ^o/p'^h eo)_ Then 

^F^^°Fo,e-eo®"°i"l,e-eo- 
By Lemma I4.1UL that ®°Fi e-eo ^ Moreover, 

ranks ""“Fo^g-eo = ranks Fo,e-eo- 
By the choice of Cq, there is a decomposition 

^“Fo,g_g„ ^F'©F" 

such that F' ^ Q and ranks F' = \G\ ■ ranks Fo^g-eo- 

Now let Fo,g := F" and Fi^g := ®°Fi^g_g(, © F'. As ®°Fi^g_eg G ^ and 
F' E Q, we have Fi^g G On the other hand, 

ranks Fo,g = ranks ""“Fo^g-go - ranks F' = {p^^° - |G| • ranks Fo^^-eo 

< = ca^fp^^, 


and we are done. 


□ 


Theorem 4.13. For any B * G-module F that is free of rank f over B we 
have 

FL(f’)= |^|S*G1 

in 0°(F * G) and the analogous formula 

FL(F) = ^[B*G] 


in Q^{B*G). 

Proof. From Proposition 14.121 we have 


(t) 


[^F] _l_ 

\G\ 


p 


,(5e 


[B*G] = 


[Fi,e] X 
|G| 


p 


,6e 


[F * G] + 


[F, 


0,e 


p' 


,5e 


Notice that [Fo^gjX® G 0^(F=t:G) and limg^oo ranks([Fo^ejX®) = 0. But Fg^g 
is free as a F-module, so Ms(Fo,e) = ranks (Fg^g). It follows from Lemma 13. 141 
that hmg^oo||[Fg,g]X||s*G = 0. 
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By Lemma 1^^ the term [Fi is of the form aJ^B^G] for some number 

Og; taking ranks shows that lirng^o^ag = f /\G\. Thus 


lim ( 

e^oo 



|G| 


[B*G]) = 0 


and the hrst part of the theorem is proved. 

The second part follows from Lemma 13.121 □ 

Lemma 4.14. B = {B kG)^ as graded A-modules. More explicitly, b i—)■ 
9 k ®9 gives a graded A-isomorphism. The inverse is given by bg®g 
be- 

Proof. Easy. □ 

Lemma 4.15. For any B * G-module M, rank^ = rank^ M. 

Proof. It is well known that Q{B) * G \s isomorphic to a matrix ring over 
Q{A) f |CRl 28.3]), hence Q{B) is its only indecomposable module. Thus 

Q{A) (^A ^ {Q{A) (^A Mf ^ {Q{B) Mf ^ {Q{B)^f = Q{A)^, 


where m = ranks M. 


□ 


Theorem 4.16. For any B * G-module F that is free of rank f over B we 
have 

FL(F°) = Am 

in ©“(A) and 

FL(f-“) = Tib] 

0^(A), where A = B^. 

Proof. From the proof of Theorem 14.131 we have ^F]/p^^ = ae[B kG] + 
[Fo^gj/p'^'^, where limg_,.ooag = f /\G\. Applying the hxed point functor and 
using Lemma [4.141 yields 


= ag[F] + [F^g]//L 

The theorem will follow once we can show that limg^oo w^([-fo^g]/p^'^) = 0, 
since this takes place in 0+(A). 
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Applying ua gives 


ua{\^F^]Ip^^) = UA{aM)+M[F^,e]lp'^)- 

Clearly, 

lim UA{ae[B]) = {f/\G\) ua{B) = {f/\G\)dim.kB/ vciaB. 

e^oo 

Now we use the Hilbert-Kunz multiplicity (see fl3.2ip h 

^ I = eHK(tnA, F^) = rankyi(F‘^) • eHK(mA, A). 

poe j 

But rank/i(F‘^) = rankB(F) = /, by Lemma [4.151 

It was shown by Watanabe and Yoshida |WY1 2.7] that euKi'^'^A, A) = 
/xnAB), and this right hand side is equal to dim^ Com¬ 
bining these, we see that lime^oo ua^Fq ^]/= 0) cis required. □ 

Remark 4.17. When p does not divide |G| it is easy to see that the map 
induced by the hxed point functor Q°{B * G) —)■ 0°(A) is continuous, so 
Theorem 14.161 follows immediately from Theorem 14.131 


5. Applications 


We continue to use the notation of (14.11) . 

Theorem 5.1. Let k be afield of characteristic p > 0 such that [k : k^] < oo, 
and let V be a faithful G-module. Let k = Vq, Vi,..., W the simple kG- 
modules. For each i, let Pi ^ Vi be the projective cover, and set Mi : = 
{B (g)fc Pi)^. Let F be a Q-graded B-finite B-free B * G-module. Then the 
F-limit of [F^] exists in 0°(A), where A = B^, and 




f 


dimfc Vi 


m, 


i=0 


where f = rank^ F. An analogous formula holds for FL([F'^]) in 0^(A). 

Proof. The hrst equality is just Theorem 14.161 

We can write kG = some Ui > 0, so B = {B 0^ kG)^ = 

Applying dim*. Homfc( 5 (—, 1^) to the hrst equality shows that 
Ui = dimkiVi)/ dim*, EndfcG(^i)- □ 
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Corollary 5.2. Under the conditions of Theorem 15.11 we have 




|MJ 


in ©“(A) and similarly after completion. □ 

(5.3) Let the notation be as in Theorem 15.11 We say that the action of G 
on B (or on X := Sped?) is small if there is a G-stable open subset 17 of X 
such that the action of G on 17 is free, and the codimension of X \ 17 in X 
is at least two. 

For g E G, let Xg be the locus in X that the action of g and the identity 
map agree. Note that Xg is a closed subscheme of X. If all the generators 
of B are in degree one, then Xg is nothing but the eigenspace in 17 with 
eigenvalue 1 of the action of g on 17, where V = Bi. We say that 5^ is a 
pseudo-reflection if the codimension of Xg in X is one. The action of G on 
B is small if and only if G does not have a pseudo-reflection. 

Now assume further that the action of G on i? is small. 


Theorem 5.4. Let the notation he as in (15.dh . Then {B<S>A‘f) '■ Ref(A) —>■ 
Ref(G, i?) is an equivalence with quasi-inverse (T)*^ : Ref(G, i?) —)■ Ref(A), 
where Ref(A) denotes the category of reflexive A-modules, and Ref{G,B) 
denotes the full suhcategory of {G, B) mod consisting of {G, B)-modules which 
are reflexive as B-modules. A similar assertion for A ^ B also holds. 

Proof. This is a special case of [Hasl (14.24)]. See also [HasNi (2.4)]. □ 

Using Theorem 15.41 we can obtain the following equivalences. 

Corollary 5.5. Let the notation he as in fl5.3ll . For 17 g fcGmod, define 
Mv:=iB U)G. 

1 For 17 G Gmod, the following are equivalent. 

Si V is an indecomposahle kG-module. 
b B ®kV is an indecomposahle object in {B * G) mod. 
b B ®kV is an indecomposable object in {B * G) mod. 
c My is an indecomposahle A-module. 
c My is an indecomposable A-module. 
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2 Let V, V G Gmod. Then the following are equivalent. 


a V = V in G mod. 
b B = B ®kV' in [B * G) mod. 

b B = B <^kV' in {B * G) mod. 

c My = My as A-modules. 

c My = My,. 


Proof. We only prove 1. 

b^a. This is because B^jfl is a faithful exact functor from Gmod to 
B * Gmod. 

a^b. This is because B/mB<^B^ is an additive functor from the category 
of i?-finite i?-free B * G-modules to /cGmod, which sends a nonzero object 
to a nonzero object. 

ay^b is similar, by^c and by^c are by Theorem 15.41 □ 


Theorem 5.6. Let the notation be as in fl5.3p . so in particular the action of 
G on B is small. Then for each 0 < j < n, FSMj{Mi) exists, and 


FSm,(M,) 


(dimfcP^)(dimfc Vj) 
\G\ dimfc EndA:G(bi)’ 


A similar formula holds in the complete case. 


Proof. By Theorem 15.11 FSyfjiMi) exists and 


FSM,(M,) = sumM^.(FL(M,)) 


ranks(P 0^ Pi) 


|G| 


n 


E 


dimfc V; 

dimfc FndfcG(i4) 


sumMjM/]. 


Because each Pi is indecomposable and Pi = Pj if and only if / = j, it follows 
from Corollary 15 .5 1 that each Mi is indecomposable and Mj = Mi (after shift 
of degree) if and only if / = j. This shows that sum^^ [Mi] = dp (Kronecker’s 
delta). The theorem follows. □ 

Corollary 5.7 ( |HasNl (3.9)]). Let the notation he as in (15.3p and assume 
that k is algebraically closed and that |G| is not divisible by the characteristic 
of k. Then, for each < i, j < n, FS^^. (Mj) exists, and 
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Proof. This is because Pi = Vi, hj Maschke’s theorem. 


□ 


Corollary 5.8 ( [Bro[ Corollary 2], |Yasl Corollary 3.3]). Let the notation he 
as in fl5.3p . Ifp divides |G|, then none of A, nor A is weakly F-regular. 

Proof. By Corollary 15.51 1, Mj is indecomposable for j = 0,1,...,n. By 
Corollary 15.51 2, ALj = Mp. = = A ii and only if Pj = k. This happens if 

and only if j = 0 and Pq fc is an isomorphism. This is equiyalent to saying 
that p does not diyide |G| and j = 0. By our assumption, sum^(Mj) = 0 for 
j = 0,... ,n. So by Theorem 15.11 

^ dim 1/ 

FS,(i) = .um,(FL(i)) = 

Since FS^(y4) is just the P-signature of A of Huneke-Leuschke |HL] . we see 
that A is not strongly P-regular, by the theorem of Aberbach and Leuschke 
m. So A cannot be a direct summand subring of the regular local ring 
B. As a weakly P-regular ring is a splinter jHHl (5.17)], A is not weakly P- 
regular. By smooth base change |HH2] (7.3)], A^^ is not weakly P-regular. 
It follows that A is not weakly P-regular. □ 
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